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ATTRACTIONS.
[ART. 248
the density, and (2) that most of the terms containing £, 97, f have been collected together and expressed in powers of the function R.
The component attractions at any point may be deduced from these potentials by differentiation with regard to £, 77, £. When the attracted point is internal the limits are absolute constants and we merely differentiate the subject of integration. When the point is external, the lower limit X is a function of £, 17, £ (Art. 204) which makes JR=0 when u=\. Hence (as in Art. 226) we may treat X as a constant during the differentiation, except in the first term of M'.
248. To prove the two theorems* in Art. 247 we shall adopt the method described in Art. 164. We assume as given the two expressions for the potential of a homoeoid at an internal and external point, and we shall deduce the attracting body.
Let the potentials at an internal and external point be distinguished as V and V. Then since X = 0 at the surface of the ellipsoid we have F= V at all points of the separating ellipsoid. It is also evident by inspection that V is zero at infinitely distant points.
The expressions for F", V are found by actual differentiation to satisfy Laplace's equation, Art. 95. As these differentiations with regard to £, ??, £, present no peculiar difficulties but lead to long algebraical processes they will not be reproduced here. We infer however from the result that the attracting matter resides solely on the separating ellipsoid, Art. 164.
Let er be the surface density of the separating stratum.    If dn
* The potentials of heterogeneous ellipsoids and shells have been investigated in several ways. First there is Green's paper, Cavil). Phil. Soc. 1888, where the law of attraction is the inverse /cth and the density Enf(x, y, z] where E = l - #-/a2 — &c. Green uses Cartesian coordinates, but a solution by means of Lame's functions is given in Ferrers' Spherical Harmonics. The values of A", Y, Z given in Art. 242 are due to Poisson, Connaissance dcs Temps, 1837 (published three years earlier). He begins with the formulae for the component attractions of a homogeneous ellipsoid which he had obtained in 1835 (Mem. de Vltistititt de France). Cayley gives a formula for the potential of certain heterogeneous ellipsoids in his memoir on Prepotentials, Phil. Trails. 1875, which is really an extension of the theorem of Art. 239 to the case in which the force varies as the inverse /cth power of the distance. In the Quarterly Journal, 1877, Ferrers applies these results to determine the potential of a solid ellipsoid whose density is xfyVzh, see Art. 245. He also first discovered the rule to find the potential of a shell by differentiating with regard to E. His proof is different from that in Art. 249. In vol. xxv. of the Quarterly Journal Dyson gave the important formulae mentioned in Art. 247. There are other valuable papers by W. D. Niven, Phil. Trans. 1H79, and by Hobson, London Math. Soc. 1893. There is also a paper by the author on these potentials, Phil. Trans. 1895. A second memoir is given by Hobson in the Loud. Math. Soc. 1896. There is also a paper by G. Prasad in the Messenger of Math. 1900. Most of these give the applications to discs and laminae and assume that the law of force is the inverse /cth power.

